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Abstract 

Tensor models are generalization of matrix models, and are studied as models 
of quantum gravity. It is shown that the symmetry of the rank-three tensor models 
is generated by a hierarchy of n-ary algebras starting from the usual commutator, 
and the 3-ary algebra symmetry reported in the previous paper is just a single 
sector of the whole structure. The condition for the Leibnitz rules of the n-ary 
algebras is discussed from the perspective of the invariance of the underlying alge- 
bra under the n-ary transformations. It is shown that the n-ary transformations 
which keep the underlying algebraic structure invariant form closed finite n-ary Lie 
subalgebras. It is also shown that, in physical settings, the 3-ary transformation 
practically generates only local infinitesimal symmetry transformations, and the 
other more non-local infinitesimal symmetry transformations of the tensor models 
are generated by higher n-ary transformations. 
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1 Introduction 



Tensor models have originally been introduced [TJ El |3] to describe the simplicial quantum 
gravity in general dimensions higher than two. The formulation has later been extended 
to describe spin foam and loop quantum gravities by considering Lie-group valued indices 
[U El E]. These models with group indices, so called group field theory, are actively studied 
with interesting recent progress [7]-|14j. 

The tensor models discussed in this paper are the simplest ones, which have a tensor with 
three indices as their only dynamical variable. By identifying the rank-three tensor as the 
structure constant of the algebra of functions on a fuzzy space, the rank-three tensor models 
can be regarded as theory of a dynamical fuzzy space [T51 HE]. In the previous paper [TB], it 
has been shown that the rank-three tensor models can be described algebraically and their 
symmetry transformations are generated by 3-ary transformations. 

3-ary algebras [T71 [T5] have first been introduced in physics by Nambu [TH], and have 
recently attracted much attention in the context of M-theory [201 12H [22] . Higher n-ary algebras 
have also appeared in the description of various dimensional fuzzy spaces |23j. Since the rank- 
three tensor models are expected to describe fuzzy spaces corresponding to any dimensional 
continuous spaces [21]- [31], it would be natural that higher n-ary algebras also appear in the 
rank-three tensor models. The main purpose of this paper is to point out that, in fact, higher 
n-ary transformations also generate the symmetry of the rank-three tensor models. 

This paper is organized as follows. In the following section, the correspondence between 
the rank-three tensor models and fuzzy spaces is recapitulated. The key property is the cyclic 
condition for the algebra of functions on a fuzzy space, which corresponds to the generalized 
hermiticity condition in the rank-three tensor models. In Section [31 the general method is 
shown of constructing the n-ary algebras which generate the symmetry transformations of the 
rank-three tensor models. In Section [H it is discussed how the Lie algebraic structure of the 
symmetry of the rank-three tensor models is incorporated in the hierarchical structure of the n- 
ary algebras. In Section [51 Leibnitz rules are shown to be satisfied by the n-ary transformations 
which generate the symmetry of the underlying algebra. Then they are shown to form closed 
finite n-ary Lie subalgebras. In Section El the roles of the higher n-ary algebras in the tensor 
models are discussed. Higher n-ary transformations are shown to correspond to more non-local 
infinitesimal symmetry transformations of the rank-three tensor models. The final section is 
devoted to summary and future prospects. 
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2 Tensor models and corresponding algebras 



In this section, I will briefly recapitulate the correspondence between the rank-three tensor 
models and fuzzy spaces, which has been presented in [IB] . 

The tensor models [U El [3] in this paper have a complex dynamical variable M a bc (a, b, c = 
1,2, . . . , N), which is a tensor with three indices and satisfies the generalized hermiticity 
condition, 

M abc = M bca = M cab = M* bac = M* acb = M* cba} (1) 

where * denotes complex conjugation. As degrees of freedom, this complex dynamical variable 
is equivalent to the following real dynamical variable defined by 

C abc = M abc + M bac + %[M abc -M bac ), (2) 

where C abc satisfies the cyclicity condition, 

C a bc = C bca = C cab . (3) 

A fuzzy space in this paper is characterized by the algebra of real functions {<p a \a = 
1,2,..., N} on it as 

0a06 = fab^c, (4) 

where f ab is the real structure constant of the algebra. I also assume there exists a metric, 

(4>a\4>b) = Kb, (5) 

where < | > is real, symmetric, h ab = h ba , and bilinear. 

The correspondence between the rank-three tensor models and the fuzzy space is assumed 
to be given by 

Cabc = fab h c 'c- (6) 

Then the cyclicity condition ([3]) of C a bc implies the following cyclicity condition for the algebra 
and the metric, 

{4>a4>b\4>c} = (4>b4>c\4>a} = (4>c4>a\4>b) = (4>a\4>b4>c} = (4>b\4>c4>a} = (4>c\4>a4>b} ■ (7) 

This is the key property for the following discussions. 
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3 General construction of metric invariant n-ary trans- 
formations 



In the previous paper [16] , the infinitesimal linear transformations which keep the metric (jSJ) 
invariant are shown to generate the symmetry of the rank-three tensor models, and a 3-ary 
transformation of this kind has been given explicitly. In this section, I will discuss the extension 
to n-ary transformations. 

For illustration, let me start with reviewing the usual commutator from the viewpoint of 
this paper. By regarding the indices b, c of f a t, c as matrix indices, the algebra (jl]) can be 
regarded as a linear transformation expressed as 

(4>a, <j>b) = 4>a4>b = fab C 4>c, (8) 

where cj) a specifies the linear transformation, and (fcb is the objective of the linear transforma- 
tion. From the property (j7]), one finds that 

(<Pb\(<Pa; <Pc)) = (<Pb\<Pa<Pc) = (<Pb<Pa\<Pc) = ^ (<Pa] <frb) <Pc^ , (9) 



where ( ; ) denotes the transpose linear transformation given by 

(0 a ;0b) = 4>b4>a- (10) 

Here again <j) a specifies the linear transformation and <pb is regarded as the objective of the 
transpose linear transformation. The transpose of a transpose is identical, because, due to 
h a b = hb a , the bra and ket states in Q can be converted as 

((<PaAc)\<Pb) = (<Pc\WM) ■ (11) 

This is expressed as 



Now let me define a linear transformation [ ; ] by 



■>a, Vb = Wa-, <Pb - Wa-, <Pb 



(12) 



(13) 



Then one can show, from (Q and ffTTj) . the invariance of the metric, 

(0 6 |[0 a ;0 c ]) = -([0 a ;0 6 ]|0 c ), (14) 

under the infinitesimal linear transformation [ ; ]. In fact, this linear transformation is the 
usual commutator [0 a ; 0J = 4> a 4>b — 4>b4>a- 
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The above procedure can be extended to products of any number of a 's, 

(0ai, 0a 2 , • • • , 0a p , s; b ) = product of (f) ai , <p a2 , . . . , Qp , fe in way s. (15) 

Here ai , a2 , . . . , ap specify the linear transformation, fe is regarded as the objective of the 
linear transformation, and s symbolically specifies the way of product. By moving a /s from 
the ket state to the bra state with the use of the cyclic property ([7]), one can obtain the 
transpose linear transformation satisfying 

(<f>b |(0oi,0 O2 , ■ • • ,4>Op, S;(f) c )) = ((0 ai ,0a 2 ,---,0a p ,S;0 b )|0 c ), (16) 

where s symbolically denotes the transpose, namely, 

{<f> ai ,<f>a 2 , ■ ■ ■ ,0a p ,S; (j) b ) = (0 ai ,0 a2 ,. . . ,0 ap ,S;0 b ). (17) 

As above, the transpose of a transpose is identical, 

f=s, (18) 

which is a direct consequence of h ab = hb a - 
Now let me define 

[<f) ai ,(f) a2 ,...,<f) ap ,s;<f) b ] = (<f) ai ,(f) a2 ,..., 0a„,s;0&) - (0 ai ,0 a2 ,...,0 ap ,s;0 6 ). (19) 

From fflBI) and ffl8|) . one can show that the metric ([5]) is invariant under the linear transfor- 
mation ( fl9l) as 

([(pa!, 4>a 2 , ■ ■ ■ , 4>a p , S; (/) b ] \ (f) c ) = - ((f) b \[(t) ai , (/) a2 , . . . , (j) ap , S] (f) c ]) . (20) 

From (fT8|) and (|T9|) . it is obvious that 

[0 ai ,0 a2 ,...,0 ap ,s;0 6 ] = -[0 ai ,0 a2 ,...,0 ap ,s;0 b ]. (21) 

The 3-ary transformation studied in the previous paper [IS] is just a special case of the 
above general procedure. In the case, the starting linear transformation is taken to be 

(0a, 4>b, 4>c) = {4>a4>c)4>b- (22) 

By applying the above procedure, one obtains 

(4>a, 4>b] 4>c) = {4>b4>c)4>a, 

[4>a, 4>b, 0c] = (0a, 4>b] 0c) ~ (0a, 4>b, 0c) = (0a0c)0fe ~ (060c)0a, (23) 

which is indeed the 3-ary transformation studied in [16] . 
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4 Violation of Leibnitz rules and hierarchy of n-ary al- 
gebras 



Since the infinitesimal linear transformations which keep the metric h a b invariant form a Lie 
algebra, it would be interesting to discuss the Lie algebraic structure of the above n-ary 
transformations. Let me start with the following product of (p + 1)- and (q + l)-ary linear 
t r ansf ormat ions , 

0a 2 , • • • , <j)a p+q , S*t] (fr b ) = [0 ai , 0a 2 , • • • , <f>a p , S\ [0 Qp+1 , <fra p+2 , • • • , 0a p+3 , t\ <f>b]]- (24) 

In general, this product is not an infinitesimal transformation which keeps the metric h ab 
invariant. The transpose of the transformation is given by 

(<f) ai ,<f) a2 , (j) ap+q , S*t] (j) b ) = [0 ap+1 , 0a p+2 , • • • , <fra p+q ,t; [0 ai , 0a 2 , • • • , 0a p , S] <j) b ]]. (25) 

This is because 

(<Pb | (0oi , <t>a 2 , • • • , 0a p+9 ,S*t;(f) c )) = (<f) b \ [(f> ai , (f> a2 , ■ ■ • , <f>a p , SJ [0a p+1 , 0a p+2 , • • • , 0a p+9 , tj 0c]] ) 

= - ( [<f> ai ,<f>a 2 ,- ■ ■ ,<f>a p ,S;<f)b\\ [<f>a p+1 ,<t>a P+2 , • • • , <fra p+q , t\ <f> c ] ) 

= ( [0a p+1 , <fra p+2 , • ■ ■ , 0a p+9 , *J [0a a , 0a 2 , • • • , 0a p , SJ 6 ]] | C ) , 

(26) 

where I have used (12"U|) . Therefore the commutator of the linear transformations, s and t, has 
the form discussed in the previous section, 

[0ai; • • • j 0a p ; S i [0a p+ i j • • • > 0a p+9 > *! 0b]] - [0a p+1 , • • • , 4>a p+q ,t] [4> ai , ■ ■ ■ , <f>ap, S\ 4>b]} 

= (<fra 1 ,(fia 2 ,---,<fia p+q ,S*t;(j)b) ~ (0 Ol , O2 , . . . , Op+g , iTt ; 6 ) . (27) 

This shows that the commutator gives an infinitesimal linear transformation which keeps the 
metric invariant. This is of course expected, because the infinitesimal linear transformations 
which keep h a b invariant form a Lie algebra. 

The exact form of the right-hand side of (1271) depends on the structure of the algebra (jlj) . If 
the n-ary transformations, s and t, satisfy the Leibnitz rule (or so called fundamental identity) 
given by 

[0ai, ■ • • , <j>ap, S\ [0 ap+1 , ■ ■ ■ , <Pa p+q , t\ <f> b )) = [[0 ai , . . . , ap , SJ 0a p+1 ] , 0a p+2 , • • • , <Pa p+q , t\ (f) b ) 

+ [0a p+1 , [0ai , • • • , <Pa p , S] Qp+2 ] , • • • , 0a p+9 , * <t> b ) 
+ ••• 
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+ [<Pa v+1 , • • • , 4>a p+q , t; [<f> ai , . . . , <j) av , S\ (j) b ]\ , (28) 



then the right-hand side of (|27|) can be expressed by s or t linear transformations, and the 
n-ary transformations will close by themselves. In general, however, the Leibnitz rules do not 
hold, and the right-hand side of fT2~T|) will be given by a linear summation of (p + q + l)-ary 
transformations, 

], (29) 

s 

where each [ ; ] has the form defined in fTIT?]) . and c s are real coefficients. Thus to incorporate the 
Lie algebraic structure of the metric invariant n-ary transformations, it is in general necessary 
to consider the whole hierarchy of the n-ary transformations of the form (j!9p . 



5 Condition for Leibnitz rules 

In this section, I will discuss the condition for the Leibnitz rules to hold from the perspective 
of the invariance of the underlying algebra. 

The (p + l)-ary linear transformation defined in ffl9|) may be expressed as a tensorial form 

like 

[0 ai , a2 , . . . , (f) ap , s; <f> b ] = M s ai apb c (f) ci (30) 
where Mf „ h c are real. With „ h c , the invariance of the metric h n h under the infinitesi- 



mal linear transformation ( 1301) can be expressed as 

= ([0ai ) 0a 2 )---)0a p ,S;0 6 ]|0 c ) + (0 6 |[0 ai ,0 a2 ,...,0 ap) S;0 c ]) 

= K^aJh'c + M^/h,. (31) 

This implies the antisymmetry of the last two indices of M, 

M s ai ... apbc = -M s ai „ MpCb , (32) 

where M^ apbc = M^ apb d h dc . 

Now let me assume that the algebra (jl]) is invariant under the infinitesimal linear trans- 
formation ( 1301 for a specific choice of <f> ai , 4> a2 , . . . , s. It is straightforward to extend the 
following discussions for linear combinations of (p + l)-ary linear transformations which keep 
(j4j) invariant. The assumption can be expressed by the following invariance of the structure 
constant of the algebra, 

M s ai ...a pb b> h'c d + Ml^ a Jj h / - M^/fJ = 0. (33) 
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Or, in an algebraic form, this is equivalent to the Leibnitz rule, 

[0a i; 0a 2 , • • • , <fra p , S] 0fe0 c ] = [0 Ol , 0a 2 , • • • , 0a p , SJ 0fe]0 c + fo[<j>ai, 0a 2 , ■ • • , 0a p , 0c] (34) 

for any b and <p c . 

By iteratively applying ( 134")) . it is obvious that the objective of the linear transformation 
can be any product of any number of 0's for the Leibnitz rules to hold. Therefore, the Leibnitz 
rules for the n-ary transformations, or so called fundamental identities, hold as 

[<f> ai , ■ ■ ■ , <fra p , s; [0 6l , . . . , <f) bq , t; C ]] = [[0 ai , . . . , (j) ap , s; 6 J, . . . , (f) bq , t; <f> c ] 

+[06i, [<f> ai , ■ ■ ■ , <f>a P , s; 06 2 ], • • • , (f>b q , t; (f* c ) 

+ ••• 

+[(f) bl ,...,(f) bq ,t; [0 ai ,...,0 ap ,s;0 c ]]. (35) 

Here it is important to note that (f> bl , . . . , 4> bq ,t, <p c can be arbitrary, while <p ai , . . . , <f) ap , s must 
be taken so that the linear transformation (!30l) be the symmetry of the algebra and satisfy 

d33D or flMD. 

Interesting structures appear when both [<p ai , (fi a2 , . . . , Qp , s; } and [(f> bl , . . . , (j) b , t] } are 
taken to be the infinitesimal linear transformations being the symmetry of the underlying 
algebra. Then, as discussed in the previous section, due to the Leibnitz rule, the commutator 
of these linear transformations will not generate other n-ary linear transformations. Since the 
infinitesimal linear transformations which generate the symmetry of the underlying algebra 
form a Lie algebra, the n-ary linear transformation obtained from the commutator is again 
a symmetry transformation. This implies that the n-ary transformations which generate the 
symmetry of the underlying algebra will form closed finite n-ary Lie subalgebras. 

6 The rank-three tensor models and n-ary algebras 

The symmetry of the rank-three tensor models is the orthogonal group symmetry, 

C abc O a a 'O b b 'O c c 'C alb , c ,, O G 0(N, R). (36) 

As discussed in [IE] , this orthogonal group symmetry of the tensor models can be identified 
with the symmetry of fuzzy spaces by partially gauge-fixing the latter symmetry with the 
gauge fixing condition, 

Kb = Sab- (37) 
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Then indeed the n-ary linear transformations (TT91 become the infinitesimal orthogonal group 
transformations, which keep h a b = Sab invariant, and can be identified with the generators of 
the symmetry transformations fl36l) of the rank-three tensor models. 

In the previous paper [TB] , it is argued that the 3-ary transformations, 

Sbc4>a = [4>b, 4>c] 4>a] (38) 

with [ ; ] defined in ( l2"B"j) . will generate the symmetry transformations of the tensor models 
by taking various choices of the functions <pb and <p c . Since the number of the independent 
elements of the Lie algebra so(N) agrees with the number of independent choices of 4>b and 
<f) c on account of the antisymmetry of the first two entries of the 3-ary transformation, the 
3-ary transformations (|38|) will generate all the infinitesimal symmetry transformations of the 
tensor models, unless C a b c is fine-tuned not to be so. 

The above statement is mathematically true, but this is not physically realistic. To explain 
this, for illustration, let me consider a class of C a b c with the following Gaussian forms, 

C XlX2X3 = exp [-(3 {(xi - x 2 ) 2 + (x 2 - x 3 ) 2 + (x 3 - £i) 2 )] , (39) 

where [3 is a positive real parameter with dimension (length) -2 , the indices x^s are D- 
dimensional coordinates, and 

x 2 = g^x\ (40) 

with a real symmetric two-tensor g^ u . The g^ u is assumed to be a positive definite matrix. 
Physically the algebraO 

4 > x\4 > X2 = C XlX2X3 (f) X3 , (41) 

which is obtained from (I3"9"j) through (jBj) and (jlj) with (13TI) . can be regarded as the algebra 
of the functions on a .D- dimensional fuzzy flat space with fuzzy scale [32]. Here the 

function <p x may be regarded as a fuzzy analogue of the delta function 5 D (z — x) on a usual 
continuous space. 

With <p x , the 3-ary transformations are given by 

5 X2X3 (p Xl = [<j) X2 , (j) X3 ; <t> xi ). (42) 

Indeed one can numericalljl] check that the 3-ary transformations (T42|) generate all the in- 
finitesimal symmetry transformations of the tensor models by taking all the choices of 4> X2 
and <j) X3 . However, it is obvious, from the Gaussian damping form of ( 139]) . that, for the 3-ary 



*The repeated index is assumed to be integrated over. 

'The continuous Xi s Eire discretized for the numerical check, and only the case D = 1 is checked. 
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transformations (|42p to be significant, 22 and x% must be taken within the range of order 
around Xi. Thus, practically, the 3-ary transformations (1421) only generate local (with 
fuzziness 1 / infinitesimal transformations, while the Lie generators for fl36|) of the tensor 
models contain non-local ones o Xl X2 G so(N) with arbitrary choices of X\ and x<i- 

The above conclusion does not depend on the choice of a basis of functions on a fuzzy 
space, nor is it restricted to the specific Gaussian form ( |39i) . Any physically acceptable fuzzy 
space must respect locality (with certain fuzziness), and a basis of functions may be taken 
so that each function be localized within a characteristic scale of fuzziness. Then products 
of two functions become significant only when the two functions are overlapping within the 
characteristic scale. Thus, practically, for general fuzzy spaces respecting locality, the 3-ary 
transformations can only generate local infinitesimal transformations, which are far less than 
all the infinitesimal symmetry transformations of the tensor models. 

The other more non-local infinitesimal symmetry transformations will be obtained by con- 
sidering higher n-ary transformations defined in (fl9|) . A p-ary transformation contains (p—1) 
products of functions, and can be made significant by ordering the localized basis functions 
in a chain so that neighboring functions are overlapping within the characteristic scale of 
fuzziness. Since such a chain can be made arbitrarily long by considering an arbitrary num- 
ber of functions, arbitrarily non-local infinitesimal symmetry transformations will be obtained 
by considering arbitrarily higher n-ary transformations. The necessity of higher n-ary trans- 
formations is also natural from the Lie algebraic structure of the symmetry of the tensor 
models, as discussed in Section HJ because successive applications of the local infinitesimal 
transformations will generate non-local transformations. 

7 Summary and future prospects 

In this paper, I have discussed the n-ary algebras for describing the symmetry of the tensor 
models. I have presented the general method to construct the n-ary transformations which 
generate the symmetry of the tensor models. The 3-ary algebra reported in the previous paper 
is just a particular case of the general method. The Lie algebraic structure of the symmetry 
of the tensor models can be incorporated by the hierarchical structure of the n-ary algebras. 
If there exist n-ary transformations which generate the symmetry of the underlying algebra, 
the Leibnitz rules hold for them, and they form closed finite n-ary Lie subalgebras. The 3-ary 
transformations can generally generate all the infinitesimal symmetry transformations of the 
tensor models, but in physical settings, they practically generate only local infinitesimal sym- 
metry transformations due to the locality which should be respected by physically acceptable 



9 



fuzzy spaces. The other more non-local infinitesimal symmetry transformations of the tensor 
models can be generated by higher n-ary transformations. 

The starting key assumption of this paper is the cyclic property concerning the algebra of 
functions on a fuzzy space and its metric. This property allows systematic construction of the 
symmetry generators. The property has been derived in the context of the tensor models, but 
it is also interesting to set this assumption in the general context of fuzzy spaces. The notion 
of fuzzy space is an interesting candidate to replace the classical spacetime notion of general 
relativity. However, this new notion is currently lacking a general basic framework and is yet 
to be developed. The settings assumed for fuzzy spaces in this paper may hopefully shed new 
light in this direction. 
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